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The solution of the problem of pressure on an elastic half-space of a 
stamp [die] with a flat wedge-shaped planform makes it possible to deter- 
mine the law of distribution of pressure in the neighborhood of corner 
points for stamps of polygonal (for example, rectangular) shape. This so- 
lution can also be used for computing the impression of plates on an 

elastic foundation. 

L.A. Galin [ 1 ] has proposed a method for solving this problem for the 
case when some additional loading is acting on the elastic half-space out- 
side the region of contact with the stamp. 

In carrying out the method suggested by Galin. it was found that the 
solution of the problem can also be determined when the indicated addi- 
tional loading is absent. We thus obtain the following formula for the 
pressure under the stamp: 

-where 2a is the angle at the vertex of the wedge, f(8) is some function, 
while y is a quantity which changes between the limits 0 to 1 in depend- 
ence on angle a. 

1. Let the region of contact S between the stamp and the elastic half- 
space Z< 0 be included between two rays making an angle 2a with each 
other, and let the OX-axis bisect this angle. 

The solution of the problem can of course be reduced to the determina- 
tion of a harmonic function over the entire space, es:cept for the points 
of a planar cut having the form of the contact region and of a continuous 
function &x, y, Z) satisfying the conditions 
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After function 4(x, y, Z) has been found, 

can be determined by the formula 

where E and v are 

cp(z, y, 0) = c.onst on (8) 

(P’2(w, y, 0) = 0 outside (S) 

gradcp- 0 for z2+y~-j-22..+ cq 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

the pressure under the stamp 

E 
P@, Y) = 2(1 _ $2) 'p'&?Y, 0) 

elastic constants. 

(1.5j 

We introduce the spherical coordinates r, 8, o by means of the formulas 

x=rcos0, y = r sin 0 cos w, z=rsin0sino (1.6) 

Laplace’s equation then takes the form 

In three particular cases, when a = 0, a = n/2 and a = n, i.e. when 

the contact region degenerates into a semi-axis, into a half-plane and 

into the entire plane, we can easily find the following exact solutions 
of the problem: 

p=Clnt&+C1 for a=0 

9 = Crlh 1/V co& + sin% sin% - co9 0 + C1 for a= + 

rp=CrsinOsinw+Ci for a=x 
(1.3) 

where C, Ci are arbitrary constants, to determine which certain auxiliary 

conditions are needed. 

The particular cases indicated lead us to consider the possibility 

that the required function might have the form 

‘p = rY@(O, 0) + C1 (1.9) 

where it should be assumed that 0 < y < 1 for condition (1.3) to hold 

good. 

It can easily be verified that function 4 will satisfy equation (1.7) 
if @ (8) is a solution of the next equation 

(1.10) 

Bearing in mind boundary conditions (1.1) and (1.21. we conclude that the 
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problem is reduced to finding on the sphere (Fig. 1) a function @ (8, w) 

satisfying equation (1.10) and zero at the points of arc ABC (I@\< a. 

o= 0, or s). 

2. Be make 

the following 

Fig. 1. 

a change of variables from 8, and o to p and $, by means of 

relations: 

t + + = 2ctg + lg $ eiO (t: = pe”+) (2.1) 

By means of this transformation, the sphere with a cut along arc ABC 

is mapped into the interior of the unit circle p < 1. Equation (1.10) 

takes on the following form in terms of the new variables 

where 

h = 16 tg+ y (y + 1) 

PQ - 2ps co.3 24I + 1 

f (pP 4) = 14p2+tg” ‘/2a(p4+2p2cos22~+1)]e 

(2.2) 

(2.3) 

(2.4) 

Let function @ (8. o) be denoted by @I( p, $) after the change of 

variables. This function will then satisfy equation (2.2) inside the 

circle p < 1, and will be zero on the boundary of this circle. 

Since function x f (p, I)) 2 0, it follows that any non-zero solution of 

equation (2.2) which vanishes on the boundary of the region can be ob- 

tained only for a certain spectrum of values of h. 

Bearing in mind that 0 ( x < 1. we obtain the next 

of formula (2.3): 
equation by means 

y = - 0.5 +I’ 0.25 + l/ls’h ctg2 l/2a< 1 (2.5) 

Out of the spectrum of values of x indicated, those values which satisfy 
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this last equation must be selected. 

3. Function @,(p, I!) will satisfy the boundary condition if we assume 

that 

(I), fP, 4) =: (1 -- P’L) I; (p2, PY cos 2+) 

Expanding function F( p2, p2 cos 2 $1) into a double 

obtain 

Taylor series, we 

We make use of the Galerkin method to determine the constants aoO, 

alO, . . . . Let L[ 01( p, r/f )I be the result of substituting function 

(DI(,, r,“) into the left part of equation (2.2). If formula (3.1) stops 

after the first n terms, and if we require function L [ Ql(p, $j] to be 

orthogonal to each of these h terms within the circle p Q 1, we then ob- 

tain a system of n linear equations. Setting the determinant of the 

system equal to zero, we obtain an n-th degree equation in A. Among the 

roots of this equation we find the one satisfying condition (2.5). 

1 

Fig. 2. 

Thus, for example, in the case of a rectangular stamp (a = n/4) we 

obtain the following six approximations for quantity y: 

y1 = 0.429, y* = 0.341, y* = 0.340, 

y& = 0.315, y5 = 0.314, yb = 0.314, 

When a = n/2, the exact value of y is 0.5, and an analogous sequence 

of approximations is the following: 

y1 = 0.579, y2 = 0.517, yj = 0.515, yJ$ = 0.501, y5 = 0.501, y6 = 0.500. 

In Fig. 2 a graph is given showing the dependence of WantitY y on a- 

It is constructed on the basis of the following data: 
x 

SC $1 
x 

+X- 
5X T: 7x 

2/1 +- 
3n 5x 11X 

a=0 -- 
x -r 

- - 
9 12 -27; t 

-“ = 0 lJ.13 0.23 0.31 0.38 O./r/l 0.50 0.56 (1.62 0.69 0.77 0.87 1.0 
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Taking the case of a rectangular stamp with y = 0.31, we can obtain 
the following formula for the pressure under the stamp 

For comparison we give the formula obtained by Galin: 

(3.3) 
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